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A Simple ML Detection for Coded Generalized
Frequency Division Multiplexing in MIMO Channels

Mohammad Towliat , Seyyed Mohammad Javad Asgari Tabatabaee , and Morteza Rajabzadeh

Abstract—Generalized frequency division multiplexing
(GFDM) is a promising multicarrier scheme, which has shown to
be a good candidate to meet the rising demands of 5G networks.
The inherent self-interference of GFDM prohibits the direct
utilization of maximum likelihood (ML) detection of space-time
coding (STC) in multi-input multi-output (MIMO) channels.
Recently, a modified version of GFDM, called coded GFDM
(CGFDM), has been proposed, which solves the problem of
interference mitigation. In this paper, a simple near-optimal ML
detection of Alamouti STC is proposed for MIMO CGFDM. Sim-
ulation results show that without sacrificing bandwidth efficiency,
the proposed scheme outperforms the current MIMO GFDM de-
tection techniques in terms of BER and computational complexity.

Index Terms—GFDM, MIMO, ML detection, space-time coding.

I. INTRODUCTION

IN RECENT years, orthogonal frequency division multiplex-
ing (OFDM) was the prevalent multicarrier system to combat

the frequency selectivity of channels [1]–[3]. OFDM enjoyed
its dominance due to simple implementation and adaptation to
multi-input multi-output (MIMO) channels [4]. On the down-
side, OFDM suffers from some critical demerits which makes
it to fall short to meet the rising demands of the next generation
of communication networks [5]. Using rectangular pulse shapes
in OFDM results in a high out of band (OOB) emission. Con-
sequently, this system is not recommended for non-contiguous
and fragmented band scenarios [6], [7]. It is shown that modi-
fied versions of OFDM, i.e., the filtered and windowed OFDM
systems, provide a better performance in these scenarios [5].
Additionally, the cyclic prefix (CP), which is appended to each
OFDM data frame, does not contain information-bearing data
and degrades the bandwidth efficiency, particularly in highly
dispersive channels [7], [8].

Amongst the alternative waveforms proposed to remedy the
deficiencies of OFDM, generalized frequency division multi-
plexing (GFDM) is suggested as a suitable candidate to be used
in the physical layer of the fifth generation (5G) networks [9].
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GFDM is a block-wise system, in which a 2-dimensional block,
containing the data symbols in time and frequency domains,
is processed at both transmitter and receiver sides. In GFDM,
OOB is reduced by using a well-localized pulse shape, instead
of rectangular one [10]. The waveform design in this system
is such that a CP is appended to each block of data symbols.
Since, compared to OFDM frame, GFDM block potentially con-
tains several times more data symbols, a considerable higher
bandwidth efficiency can be provided in GFDM. The other re-
markable point is that GFDM has larger number of samples per
subchannel [11], which leads to a higher spectrum resolution
and more accuracy in mitigating the effects of communication
channel [10]. Besides, GFDM can adapt to MIMO channels
to increase the performance and reliability which is one of the
required demands in 5G networks [12].

Despite these advantageous features, the non-orthogonal na-
ture of GFDM causes self-interference among the modulated
data symbols in both time and frequency domains. Therefore,
maximum likelihood (ML) detection of well-known spatial mul-
tiplexing (SM) [13] and space-time coding (STC) schemes can-
not be directly deployed in MIMO GFDM [14]. Instead, the
receiver needs to compensate the interference during the detec-
tion process. There are a wide range of non-optimal receivers
for STC detection in MIMO GFDM. These receivers can be
categorized in two main classes: non-iterative and iterative re-
ceivers. Obviously, non-iterative receivers generally are more
complicated; whereas, they do not need any successive itera-
tions to mitigate the interference [11], [15]–[17]. Contrarily, the
main concern in iterative receivers is removing the interferences
successively through several simple iterations [12], [18], [19].

Regarding the self-interference concerns, in [20] a modified
GFDM scheme, titled as coded GFDM (CGFDM), is developed
for single-input single-output (SISO) channels. In CGFDM a
time reversal coding is employed to provide a unitary self-
interference matrix, without degrading the bandwidth efficiency.
In this paper we benefit from this feature of CGFDM to develop
a simple near-optimal ML detection of Alamouti STC in MIMO
CGFDM. We will show through simulations that the proposed
ML detection scheme outperforms the standard STC detection
techniques in MIMO GFDM in terms of both BER and com-
putational complexity. The rest of this paper is organized as
follows. In Section II, the GFDM background and its extension
to MIMO channels is described. Section III contains the system
model of CGFDM and the proposed ML detection of Alamouti
STC in MIMO CGFDM. In Section IV we compare the com-
plexity of the proposed method to that of standard detection
techniques in MIMO GFDM. Simulation results are reported in
Section V and, finally, Section VI concludes this paper.

Notations: Matrices are denoted by boldface uppercase letters
(e.g., A), vectors are indicated by letters with an upper arrow
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Fig. 1. GFDM transmitter.

(e.g., �A) and scalar quantities are presented by normal letters
(e.g., A). IN and 0N are the N ×N identity and zero matrices,
respectively. |A| and ‖A‖ indicate the absolute value of scalar
A and the Frobenius norm of matrix A, respectively. Finally,
the superscripts (.)T , (.)H and (.)∗ indicate transpose, conjugate
transpose and conjugate operators, respectively.

II. GFDM

A. System Model

GFDM is a block-wise multicarrier scheme, which modulates
a block of data symbols in a given time-frequency lattice. Fig. 1
illustrates the GFDM transmitter, which is designed to transmit
a data symbol block with length L subcarriers and width K
subsymbols (i.e., L×K data symbol block). The output of the
GFDM modulator is given as [10]

s[m] =
K−1∑

k=0

L−1∑

l=0

dk,lgk,l [m] ; for m = 0, . . . N − 1, (1)

in which N
Δ= LK and dk,l is the transmitted symbol at kth

time instance and lth subchannel. Also, gk,l [m] is the time and
frequency shifted version of the prototype filter g[m], such that

gk,l [m] Δ= g[(m− kL)N ] ej2πml/L , (2)

where (.)N denotes the modulo of N . For the matrix-based
representation, all transmitted symbols are stacked on top of

each other in a single column vector as �d
Δ= [�d T

0 , . . .
�d T
K−1 ]

T
,

in which for k = 0, . . .K − 1, �dk
Δ= [dk,0 , . . . dk,L−1 ]

T . Note
that �d and �dk are of the sizes N × 1 and L× 1, respectively.
According to (1), the output vector of GFDM modulator for

each data block, �s
Δ= [s[0], . . . s[N − 1] ]T , can be written as

�s = A�d, (3)

in which A, of the size N ×N , is the GFDM transmission
matrix and is defined as

A Δ= [G0 ,G1 , . . .GK−1 ], (4)

where, for k = 0, . . .K − 1, Gk is an N × L matrix as
follows

Gk =

⎡

⎢⎢⎣

gk,0 [0] · · · gk,L−1 [0]
...

. . .
...

gk,0 [N − 1] · · · gk,L−1 [N − 1]

⎤

⎥⎥⎦ . (5)

According to Fig. 1, a CP is appended to �s, before it is trans-
mitted through the channel. CP is a guard interval to avoid
the collision between two consecutive modulated data symbol
blocks passing the channel. The length of CP (i.e., ϑ) needs to
be ϑ ≥ LC − 1, in which LC is the length of the channel im-
pulse response. At the receiver of GFDM, after removing CP,
the received signal vector becomes [5]

�y = Γ�s+ �w = ΓA�d+ �w, (6)

where �w is the additive white Gaussian noise vector and Γ is
the N ×N circular matrix of the channel coefficients h[m], for
m = 0, . . . LC − 1.

B. Alamouti STC Detection in MIMO GFDM

Alamouti STC, which is introduced for 2 transmitter an-
tennas, is the only orthogonal STC to achieve the full trans-
mission diversity gain [21]. In this regard, in this section we
consider the MIMO GFDM system with 2 transmitter and
R receiver antennas and elaborate the standard receivers for
Alamouti STC detection in MIMO GFDM and use them as our
benchmark.

As explained in [10], at the first transmit antenna the data
symbol vector �d 1 is modulated and, accordingly, �s 1 = A�d 1

is transmitted in the first time slot. Simultaneously, the sec-
ond antenna modulates �d 2 with different data symbols and
transmits �s 2 = A�d 2 . In the next time slot, the first and sec-
ond antennas transmit −�s2∗ and �s1∗, respectively. Accord-
ing to (6), the received signal vectors in both time slots are
presented as

⎡

⎢⎢⎣

�y 1
1 �y 1

2

...
...

�yR1 �yR2

⎤

⎥⎥⎦=

⎡

⎢⎢⎣

Γ1,1 Γ1,2

...
...

ΓR,1 ΓR,2

⎤

⎥⎥⎦

[
�s 1 −�s 2∗

�s 2 �s 1∗

]
+

⎡

⎢⎢⎣

�w1
1 �w1

2

...
...

�wR
1 �wR

2

⎤

⎥⎥⎦,

(7)

in which �y r
i and �w r

i (for r = 1, ...R and i = 1, 2) are, respec-
tively, the signal and noise at rth receiver and ith time slot.
Also Γr,t (for t = 1, 2) is the circular channel matrix between
rth receiver and tth transmitter. Regarding (7), Alamouti STC
decoding is performed by estimating �s 1 and �s 2 as

�̂s1 =

(
R∑

r=1

Γr,1Γr,1∗ + Γr,2Γr,2∗
)−1

(
R∑

r=1

Γr,1∗�y r
1 + Γr,2�y r ∗

2

)
= �s 1 + ��1 ,

�̂s 2 =

(
R∑

r=1

Γr,1Γr,1∗ + Γr,2Γr,2∗
)−1

(
R∑

r=1

Γr,2∗�y r
1 − Γr,1�y r ∗

2

)
= �s 2 + �� 2 , (8)
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where ��1 and ��2 are the resulted noises defined as

�� 1 =

(
R∑

r=1

Γr,1Γr,1∗ + Γr,2Γr,2∗
)−1

(
R∑

r=1

Γr,1∗ �w r
1 + Γr,2 �w r∗

2

)
,

�� 2 =

(
R∑

r=1

Γr,1Γr,1∗ + Γr,2Γr,2∗
)−1

(
R∑

r=1

Γr,2∗ �w r
1 − Γr,1 �w r∗

2

)
. (9)

In (8), we can see that the MIMO GFDM stream has been
transformed to two separate SISO GFDM streams. Moreover,
estimations of �s 1 and �s 2 enjoy the full channel diversity gain.
After that, the data symbol vectors can be detected by applying
the SISO receiver matrix Q to the estimated signals, such that

�̂d 1 = Q�̂s 1 = Q(A�d 1 + �� 1),

�̂d 2 = Q�̂s 2 = Q(A�d 2 + �� 2). (10)

There are three standard types of receivers to compensate the
self-interference in SISO GFDM [10]: i) Zero forcing (ZF) re-
ceiver: in which Q = A−1 . Although the ZF receiver com-
pletely removes the self-interference, those small singular val-

ues of A lead to noise enhancement at �̂d 1 and �̂d 2 [22].
ii) Matched filter (MF) receiver: in which Q = AH . In this
case, there is no noise enhancement. However, because of non-
orthogonality of A (i.e., AHA �= IN ), the self-interference is
not completely removed [20]. Thus, an extra successive in-
terference canceller (SIC) is needed to remove the residual
interference after MF. The resulted receiver is called MFSIC
[23]. iii) Minimum mean square error (MMSE) receiver: where
Q =

(
R� + AHA

)−1AH and R� is the covariance matrix
of the noise vectors in (9). The MMSE receiver makes a com-
promise between noise enhancement and interference removal
[10].

As discussed above, in MIMO GFDM, Alamouti coding is
implemented on the output signals of GFDM modulators (i.e.,
�s), not on the input data symbols (i.e., �d). In this regard, at the
receiver, the estimation of coded signals is performed by miti-
gating the channel effects, firstly (see (8)). At the next step, the
data symbols are detected by eliminating the self-interference
matrix from the estimated signals (see (10)). This two-leveled
detection may increase the power of the final noise in (10) and,
consequently, it leads to lower BER performance. To avoid this
two-leveled noise enhancement, ML is suggested as the op-
timum detection method. Regarding (7), the ML detection of
Alamouti STC in MIMO GFDM is given as [14]

[ �̂d 1 �̂d 2 ] = arg min
[ �d1 �d2 ]∈ΩU

‖Y − ZS‖2 , (11)

in which

Y Δ=

⎡

⎢⎢⎣

�y1
1 �y1

2

...
...

�yR1 �yR2

⎤

⎥⎥⎦ ,Z
Δ=

⎡

⎢⎢⎣

Γ1,1 Γ1,2

...
...

ΓR,1 ΓR,2

⎤

⎥⎥⎦ ,

S Δ=

[
A�d 1 −(A�d 2)

∗

A�d 2 (A�d 1)
∗

]
. (12)

In (11), Ω is the modulation size, U = 2N is the total number
of STC coded data symbols in MIMO GFDM and ΩU is the set
of all possible states for [�d 1 �d 2 ]. As it can be seen, in the pro-
cedure of ML detection, the channel effect and self-interference
are considered all together and there is no enhancement on
the noise. Unfortunately, because of the 3-dimensional interfer-
ence (inter-symbol-interference, inter-channel-interference and
inter-antenna-interference) among the data symbols, the ML
detection (11) must be performed by seeking through all ΩU

possible states. This is a very complicated process and practi-
cally impossible [14]. Note that relations similar to (11) and (12)
also hold for ML detection of Alamouti STC in MIMO OFDM,
with the difference that A is replaced by the FFT matrix and
because of diagonality of the channel matrix, the ML detection
is performed separately for each individual data symbol. Conse-
quently, the receiver’s complexity becomes dramatically lower
than that of MIMO GFDM.

Addressing these concerns about ML detection of Alamouti
STC in MIMO GFDM, in the next section we elaborate the alter-
native CGFDM scheme (proposed in [20]) and then, develop a
novel near-optimal and simple ML detection for Alamouti STC
in MIMO CGFDM.

III. CGFDM

A. System Model

CGFDM employs a time reversal coding through a modified
version of GFDM in SISO channels. The main advantage of
CGFDM is that it provides a unitary self-interference matrix
with the same bandwidth efficiency as the conventional GFDM.
In this subsection we elaborate the CGFDM system model in
SISO channel, which is slightly different from that explained in
[20], but the main idea is the same.

Fig. 2 shows the transmitter of CGFDM. Obviously, CGFDM
is the combination of two separate GFDM systems, one with
the transmission matrix A (defined in (4)) and the other with
the transmission matrix B. Matrix B is similar to A; with the
exception that in B the prototype filter is g[m− L/2] (while,
in A it is g[m]). At the rest of this paper, in the structure of
CGFDM, we mention the GFDM with the transmission matrix
A as GFDM-A and the GFDM with the transmission matrix B
as GFDM-B.

In CGFDM, data symbols are transmitted according to a two-
stage time reversal coding. The data symbols at the second stage
are the reformed version of the data symbols at the first stage. As
a result, the bandwidth efficiency of CGFDM becomes equiva-
lent to that of GFDM. Two transmission stages of CGFDM are
as below:

1) Transmission at the First Stage: At the first stage, the
independent data symbol vectors �d and �d ′, both with the size
N × 1, are modulated by GFDM-A and GFDM-B, respectively.
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Fig. 2. CGFDM transmitter.

The outputs of modulators are given as

�s1 = A�d,

�s ′
1 = B�d ′.

(13)

On the other hand, according to Fig. 2, the output of the
CGFDM transmitter at the first stage is constructed as

�p1 =
1√
2

(
�s1 + �s′1

)
=

1√
2

[A B ]
[
�d
�d′

]
, (14)

In (14), factor 1/
√

2 normalizes the power of outputs. Note that
�p1 is a column vector of the size N × 1. Similar to Section II,
a CP is appended to �p1 . At the receiver, after removing CP, the
resulted signal becomes

�x1 = Γ�p1 + �w1 =
1√
2
Γ [A B ]

[
�d
�d′

]
+ �w1 , (15)

in which Γ is the circular channel matrix, exactly equivalent to
that in (6), and �w1 is the noise vector at the first stage.

2) Transmission at the Second Stage: At the second stage, the
data symbol vectors −J�d′∗ and J�d∗ are modulated by GFDM-A
and GFDM-B, respectively. Thus, the outputs at this stage are
obtained as

�s2 = −AJ �d′∗,

�s′2 = BJ�d∗, (16)

where J is an N ×N unitary matrix defined as

J Δ=

⎡

⎢⎢⎢⎢⎢⎣

1 0 · · · 0 0
0 0 · · · 0 1
... 0 0 1 0
...

...
...

... 0
0 1 0 0 0

⎤

⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
L×L

⊗

⎡

⎢⎢⎢⎢⎢⎣

0 0 · · · 0 1
0 · · · 0 1 0
... 0 1 0

...

0
... 0

... 0
1 0 · · · 0 0

⎤

⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
K×K

,

(17)

in which ⊗ denotes the Kronecker tensor product. For instance,
Fig. 3 depicts matrix J, when L = 4 and K = 3. Note that by
multiplying J to a data symbol vector (in which data symbols

Fig. 3. Illustration of matrix J, when L = 4 andK = 3. The black and white
squares mean 1 and 0, respectively.

of all subcarriers and subsymbols are stacked on top of each
other), in the resulted vector, both time and frequency indices
of data symbols are reversed, except the frequency index of 0th
subcarrier.

CGFDM modulator output at the second stage is given as

�p2 =
1√
2

(�s∗2 + �s′∗2 ) =
1√
2

[B∗J −A∗J ]

[
�d

�d′

]
. (18)

Similar to (15) at the receiver, we have

�x2 = Γ�p2 + �w2 =
1√
2
Γ [B∗J −A∗J ]

[
�d

�d′

]
+ �w2 , (19)

where �w2 is the noise vector at the second stage.
At the end of these two stages, concatenation of (15) and (19)

results in

�X = ΞΛ �D + �W, (20)

where �X
Δ= [�xT1 �xT2 ]T , �D

Δ= [�d T �d ′T ]T , �W
Δ= [�wT

1 �wT
2 ]T and

Ξ Δ=
[

Γ 0N
0N Γ

]
, Λ Δ=

1√
2

[
A B

B∗J −A∗J

]
. (21)

According to (20), Λ, of the size 2N × 2N , is the total self-
interference matrix of CGFDM. The interesting property of Λ
is its unitarity [20]. In other words, we have ΛHΛ = I2N . In
the next sections, we benefit the unitarity of the self-interference
matrix to design a simple ML detection of Alamouti STC in
MIMO CGFDM.

B. ML detection of Alamouti STC in MIMO CGFDM

As explained in Section II-B, in order to avoid the noise
enhancements, ML can be a solution for detecting Alamouti
STC in MIMO channels. However, in MIMO GFDM, the ML
detection is associated with a huge complexity. To tackle this
problem, in this section we propose a simple and near-optimal
ML detection for Alamouti STC in MIMO CGFDM.

Consider a MIMO CGFDM which modulates data symbol
vector �D1 at the first antenna and data symbol vector �D2 at the
second antenna, simultaneously, in the first time slot (regarding
(20) both �D1 and �D2 are vectors of the size 2N × 1). In the
next time slot, the first antenna modulates − �D2∗ and the second
antenna modulates �D1∗. According to (20), the received signals
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can be written as

⎡

⎢⎢⎣

�X1
1

�X1
2

...
...

�XR
1

�XR
2

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

Ξ1,1 Ξ1,2

...
...

ΞR,1 ΞR,2

⎤

⎥⎥⎦

[
Λ �D1 −Λ �D2∗

Λ �D2 Λ �D1∗

]

+

⎡

⎢⎢⎣

�W 1
1

�W 1
2

...
...

�WR
1

�WR
2

⎤

⎥⎥⎦ , (22)

in which �Xr
i and �Wr

i are, respectively, the received signal and
noise at rth receiver and ith time slot. Also Ξr,t is the 2N × 2N
CGFDM channel matrix between rth receiver and tth transmit-
ter. We can rewrite (22) as

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�X1
1

...

�XR
1

�X1∗
2

...

�XR∗
2

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ξ1,1Λ Ξ1,2Λ
...

...

ΞR,1Λ ΞR,2Λ

(Ξ1,2Λ)∗ −(Ξ1,1Λ)∗

...
...

(ΞR,2Λ)∗ −(ΞR,1Λ)∗

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

[
�D1

�D2

]

+
[
�W 1

1
T · · · �WR

1
T �W 1

2
H · · · �WR

2
H
]T
.

(23)

To derive our proposed ML detection method from (23), we
use the following lemma.

Lemma 1: If the number of subchannels, L, is large enough,
such that it can be assumed that the channel frequency response
at each subchannel is flat over the spectrum of the prototype
filter g[m], then in the CGFDM system model (20), it can be
approximated that

ΞΛ ≈ ΛH, (24)

in which H is a 2N × 2N diagonal matrix, defined as

H =

⎡

⎢⎢⎢⎢⎣

H[0] 0

H[1]

. . .

0 H[L− 1]

⎤

⎥⎥⎥⎥⎦

︸ ︷︷ ︸
L×L

⊗ I2K , (25)

where H[l] (for l = 0, ...L− 1) is the lth FFT com-
ponent of the channel impulse response as H[l] =∑LC −1

m=0 h[m] exp(−j2πml/L).
Proof: See Appendix A. �

By using lemma 1 and replacing ΞΛ with ΛH, (23) can be
expressed as
⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�X1
1

...

�XR
1
�X1

2
∗

...

�XR
2
∗

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
�X

≈

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ΛH1,1 ΛH1,2

...
...

ΛHR,1 ΛHR,2

(ΛH1,2)∗ −(ΛH1,1)∗

...
...

(ΛHR,2)∗ −(ΛHR,1)∗

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Θ

[
�D1

�D2

]

︸ ︷︷ ︸
�D

+
[
�W 1

1
T · · · �WR

1
T �W 1

2
H · · · �WR

2
H
]T

︸ ︷︷ ︸
�W

, (26)

in which matrices Hr,t (for r = 1, . . . R and t = 1, 2) are di-
agonal. Now, let us define the MF matrix of MIMO CGFDM
as

Q Δ=

[
ΛH ⊗ IR 02NR

02NR ΛT ⊗ IR

]
. (27)

Because of unitarity of Λ, Q is also a unitary matrix (i.e.,
QHQ = I4NR ). Regarding (26), multiplying Q to �X leads to

�̃X ≈ QΘ �D + Q �W = Θ̃ �D + �̃W, (28)

in which �̃X Δ= Q �X , Θ̃ Δ= QΘ and �̃W Δ= Q �W is the resulted
noise vector with the same covariance matrix as �W (because of
unitarity of Q). Note that according to the definition of Q and
Θ, matrix Θ̃ becomes

Θ̃ =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

H1,1 H1,2

...
...

HR,1 HR,2

H1,2∗ −H1,1∗

...
...

HR,2∗ −HR,1∗

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (29)

in which each submatrix Hr,t is diagonal.
Considering (28), the ML detection of the data symbol vector

�D, of the size 4N × 1, is given as

�̂D = arg min
�D∈ΩU

∥∥∥ �̃X − Θ̃ �D
∥∥∥

2
, (30)

whereU = 4N is the total number of STC coded data symbols in
MIMO CGFDM. Since Θ̃ is with the structure of (29), it is con-
cluded that Θ̃H Θ̃ becomes diagonal. As a consequence, the ML
detection of data symbol vector �D in (30) can be splitted up into
separate ML detections for each individual data symbol. In other
words, following the same procedure of ML detection in MIMO
OFDM [24], it is easy to derive that (30) can be rewritten as

D̂n = arg min
Dn ∈Ω

∥∥∥ �̃X − �̃
θnDn

∥∥∥
2
; for n = 0, . . . 4N − 1. (31)
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in which D̂n and Dn are respectively the nth entry of �̂D
and �D. Also �̃

θn denotes the nth column of Θ̃. Further-
more, according to (29), for nth column of Θ̃ we have

||�̃θn ||2 =
∑R

r=1
∑2

t=1 |Hr,t [(n)L ]|2 , where (.)L denotes the
modulo of L. This means that each ML detection in (31)
enjoys the full MIMO channel diversity gain at the associated
subchannel, which is similar to the ML detection of Alamouti
STC in MIMO OFDM [25].

Eq. (31) presents the proposed ML detection of Alamouti
STC in MIMO CGFDM, which does not cause any noise en-
hancements and can be performed with a very lower complexity
compared to the detection methods in MIMO GFDM explained
in Section II-B. However, because of the approximation in (24),
the proposed detection method is near-optimal. Additionally,
note that in Alamouti coding the channel is supposed to be
time-invariant during the transmission of coded symbols in two
time slots. Considering the fact that each time slot in CGFDM
is twice as long as that of GFDM (compare (6) to (20)), it is
deduced that the sensitivity of the proposed method to chan-
nel variations is more than that of MIMO GFDM receivers. In
Section V, we numerically investigate this issue.

IV. COMPUTATIONAL COMPLEXITY

In this section we elaborate the computational complexity of
the proposed ML detection and the standard receivers of MIMO
GFDM. To this end, we determine the number of complex mul-
tiplications (NCM) for each technique. Firstly, let us investigate
the complexity of MIMO GFDM receivers. The channel removal
in (8) contains 4RN 2 + 2N +N log2N multiplications [26].
After that, discarding the self-interference in (10) by using ZF,
MFSIC (proposed in [23]) and MMSE methods requires respec-
tively 4N 2 , 2N(log2N + log2K + P + I(2log2K + 1)) and
2
3N

3 + 4N 2 multiplications, where I is the number of iterations
in MFSIC and P indicates the span of the prototype filter [26].

On the other hand, in the proposed ML detection for MIMO
CGFDM, the MF procedure in (28) contains 8RN(2log2N +
log2K + P ) multiplications [26]. After that, in the detection
process elaborated in (31), because of the structure of Θ̃, the
calculation of Frobenius norm requires just 4R(N + 1) + 4N
multiplications. Eventually, the total NCM for the proposed
method is 8RN(2log2N + log2K + P ) + 4R(N + 1) + 4N .
Note that the determined NCM for ML detection in MIMO
CGFDM is required for detecting 4N data symbols (see (31)),
whereas the above presented NCM for MIMO GFDM receivers
is for detecting just 2N data symbols (see (10)). In this regard,
in order to compare the NCM of our proposed method to that of
MIMO GFDM receivers, the total NCM of the proposed method
must be considered with factor 1

2 . Table I summarizes the NCM
of the mentioned methods, in case of detecting 2N data symbols.
To have an intuitive interpretation of Table I, we numerically
compare the NCM of these techniques in Section V.

V. SIMULATION RESULTS

In this section, we compare the performance of our proposed
ML method of MIMO CGFDM to that of OFDM and MMSE
GFDM,1 when Alamouti STC is applied in MIMO channels. In

1Among available receives for MIMO GFDM, the MMSE receiver has a good
performance [20]. Thus, we just consider the performance of this receiver of
MIMO GFDM, on behalf of other receivers.

TABLE I
NUMBER OF COMPLEX MULTIPLICATIONS (NCM) IN VARIOUS MIMO

RECEIVERS WITH R ANTENNAS. THE NCM IS GIVEN FOR

DETECTING 2N DATA SYMBOLS

TABLE II
PARAMETERS OF SIMULATIONS

our simulations we consider the MIMO channel with 2 trans-
mitter and R = 1 and 2 receiver antennas. It is shown in [27]
that GFDM can achieve a superior performance by using low
density parity check (LDPC) code with soft decision. In this
regard, in our simulations we consider that all systems are using
soft-decision 5/6 WiMAX LDPC coding with code word of 576
bits [28]. Note that in the ML detection (31), D̂n is a hard sym-
bol and cannot be employed in soft-decision LDPC. In order to

obtain soft symbols, since || �̃X − �̃
θn D̂n ||2 is convex with respect

to D̂n , it can be minimized by solving ∂
∂ D̂n

|| �̃X − �̃
θn D̂n ||2 = 0.

The solution of this equation is D̂n = (�̃θHn
�̃
θn )−1 �̃θHn

�̃X [29]. Re-

garding that �̃θn is the nth column of Θ̃, replacing (29) and (25)
in the solution leads us to

D̂n =
∑R

r=1 H
r,1∗[(n)L ]X̃n+2N (r−1) +Hr,2 [(n)L ]X̃n+2N (R+r−1)∑R

r=1 |Hr,1 [(n)L ]|2 + |Hr,2 [(n)L ]|2 ;

for n = 0, . . . 2N − 1,

D̂n =
∑R

r=1 H
r,2∗[(n)L ]X̃n+2N (r−2) −Hr,1 [(n)L ]X̃n+2N (R+r−2)∑R

r=1 |Hr,1 [(n)L ]|2 + |Hr,2 [(n)L ]|2 ;

for n = 2N, . . . 4N − 1. (32)



804 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 67, NO. 3, FEBRUARY 1, 2019

Fig. 4. The BER performance comparison for (a) time-invariant and (b) time-variant Vehicular-A 2 × 1 MIMO channel using RRC and IOTA prototype filters.

Fig. 5. The BER performance comparison for (a) time-invariant and (b) time-variant Vehicular-A 2 × 2 MIMO channel using RRC and IOTA prototype filters.

in which X̃n is the nth entry of �̃X . Now (32) provides a soft
version of D̂n and can be utilized in soft-decision LDPC.

In addition, it must be noted that in GFDM whenL andK are
both even numbers, the self-interference matrix A becomes sin-
gular and the ZF and MMSE receivers are not applicable [22].
On the other hand, odd values of L or K impedes the simple
implementation of GFDM. In this regard, in some works, such
as [30] and [31], the authors design filters, for which even val-
ues of L and K do not result in a singular matrix A. However,
in CGFDM the self-interference matrix Λ is always unitary,
regardless of the value of L and K. Nevertheless, in our simu-
lations, we set L to an even number (L = 128) and K to an odd
number (K = 7). The other simulation parameters are given in
Table II.

In order to assess the accuracy of the approximation in
lemma 1, we consider two prototype filters, including root
raised cosine (RRC) and isotropic orthogonal transform algo-
rithm (IOTA), introduced in [32]. Also, different power delay
profiles (PDP) is considered for the frequency selective channel.

i) Vehicular-A channel model
The PDP of vehicular-A channel is [33]:
Delay = [0 300 700 1100 1700 2500] ns,
Power = [0 – 1 – 9 – 10 – 15 – 20] dB.
Fig. 4 compares the BER performances of all methods in

2 × 1 MIMO channel, when the channel coefficients are time-
invariant (Fig. 4(a)) and time-variant (Fig. 4(b)) with the co-
herence time TC = 90μs. As it can be seen from Fig. 4(a), the
performance of the proposed method is much better than that of

MMSE in MIMO GFDM. Because the procedure of channel re-
moval and then, self-interference mitigation leads to a dramatic
noise enhancement in MIMO GFDM receivers. Instead, in the
ML detection of MIMO CGFDM and MIMO OFDM no noise
enhancement occurs. Additionally, it is clear that the BER of
MMSE in MIMO GFDM, in case of IOTA filter, is higher than
that of the RRC filter. These results show that in MMSE de-
tection method, the IOTA filter causes more noise enhancement
in self-interference cancellation than RRC. Moreover, the BER
of the proposed method for both RRC and IOTA filters almost
matches that of ML detection in MIMO OFDM, which shows
that the approximation in (24) is accurate enough with these
simulated parameters. In other words, with L = 128 subcarri-
ers, the spectrum of both filters are narrow enough for which
the Vehicular-A channel frequency response is flat over each
subchannel. On the other hand, it can be seen in Fig. 4(b) that
for time-variant channels, BER of all methods is higher than
that in time-invariant channels. However, the channel variations
affect CGFDM more than the other systems. We explained this
drawback of the proposed method in Section III-B. Fig. 5, shows
the BER performances for 2 × 2 MIMO channel. Compared to
Fig. 4, all results are better, but still those of ML detection in
MIMO CGFDM and MIMO OFDM are considerably superior.

ii) Pedestrian-B channel model
Now, let us repeat the simulations for Pedestrian-B channel

model, where the time dispersion is longer than Vehicular-A.
The PDP of Pedestrian-B is as follows [33]:

Delay = [0 200 800 1200 2300 3700] ns,
Power = [0 – 0.9 – 4.9 – 8 – 7.8 – 23.9] dB.



TOWLIAT et al.: SIMPLE ML DETECTION FOR CODED GENERALIZED FREQUENCY DIVISION MULTIPLEXING IN MIMO CHANNELS 805

Fig. 6. The BER performance comparison for (a) time-invariant and (b) time-variant Pedestrian-B 2 × 1 MIMO channel using RRC and IOTA prototype filters.

Fig. 7. The BER performance comparison for (a) time-invariant and (b) time-variant Pedestrian-B 2 × 2 MIMO channel using RRC and IOTA prototype filters.

In Fig. 6 we consider the 2 × 1 MIMO channel. Fig. 6(a)
shows that, unlike Vehicular-A, the BER performance of the pro-
posed ML detection in MIMO CGFDM does not match that of
MIMO OFDM. The reason is that in such a frequency selective
channel, the spectrum of channel cannot be assumed perfectly
flat over each subchannel; as a result, the approximation in (24)
is not accurate. The other remarkable point is that in Pedestrian-
B channel, the RRC works better than IOTA in MIMO CGFDM,
which means that RRC has a narrower spectrum than IOTA and
results in a more accurate approximation in (24). In Fig. 6(b),
compared to Fig. 6(a), all BER performances become worse, but
that of the proposed method is more affected by channel time
variations. These results confirm the more sensitivity of the
proposed method to channel variations. Fig. 7 presents the sim-
ulation results when the MIMO channel is 2 × 2. Obviously, the
performances are better than those in Fig. 6, but still the proposed
method obtains a better result compared to MMSE receiver in
MIMO GFDM.

To wrap it up, one can conclude from these simulations that
in channels with smooth spectrum, the proposed ML method
has a better performance compared to MIMO GFDM receivers.
On the down side, the channel time variations affect the pro-
posed method more than the other techniques. In channels with
severe frequency selectivity, the less accurate approximation in
the proposed method results in a higher BER. Using various
prototype filters also can affect the performance. However, in
all simulated scenarios above, the performance of our method

Fig. 8. Complexity of different techniques for Alamouti STC detection, when
MIMO system has R = 2 receiver antennas.

is remarkably superior, compared to that of the MIMO GFDM
receivers. Because we do not witness any noise enhancement in
the proposed ML detection method.

Finally, Fig. 8 compares the complexity of the proposed ML
detection to that of MIMO GFDM receivers in terms of NCM
versusK, forR = 2 and L = 128. According to Fig. 8, it is ob-
vious that NCM of the proposed method is dramatically lower
than that of MIMO GFDM receivers. For example for K = 7
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the NCM of the proposed ML detection is 1.804 × 105 , while
the NCM of ZF, MFSIC and MMSE receivers in MIMO GFDM
is 6.554 × 106 , 9.644 × 106 and 4.892 × 108 . The supremacy
of the proposed method, in terms of NCM, becomes more re-
markable for larger values of K.

VI. CONCLUSION

Due to huge computational complexity, the ML detection of
Alamouti STC is impracticable in MIMO GFDM system. On the
other hand, removing interference by using standard receivers
of MIMO GFDM (including ZF, MFSIC and MMSE) results in
a two-leveled noise enhancement. Addressing these concerns,
in this article we used the CGFDM system, as an alternative
to GFDM. By considering the fact that the self-interference
matrix in CGFDM is unitary, we developed a simple and near-
optimal ML detection for Alamouti STC in MIMO CGFDM.
The complexity of the proposed method is dramatically lower
than that of standard MIMO GFDM receivers. Also, in terms of
BER, the performance of our scheme is remarkably better.

APPENDIX A
PROOF OF LEMMA 1

According to (21) we have

ΞΛ =
1√
2

[
ΓA ΓB

ΓB∗J −ΓA∗J

]
, (33)

In the following, we elaborate each part of (33).
i) Evaluating ΓA and ΓB:
In (33), let us first elaborate ΓA. Considering the definition of

A in (4), it can be derived that ΓA = [ΓG0 ,ΓG1 , . . .ΓGK−1 ].
If we define ψk,l [m] as the (m, l)th entry of ΓGk , for k =
0, . . .K − 1, then according to (5), it is obtained that

ψk,l [m] =
N−1∑

a=0

h[a−m]gk,l [a]

= h[m]
m� gk,l [m]; for m = 0, . . . N − 1. (34)

where
m� denotes the circular convolution through indexm with

periodN . By considering the definition of gk,l [m] in (2), taking
N -point FFT from both sides of (34) leads to

Ψk,l [n] = H[n]G[n− lK] e−j2πk Ln/N , (35)

where Ψk,l [n] and G[n] are the nth FFT compo-

nents of ψk,l [m] and g[m], respectively. Also H[n] Δ=∑LC −1
m=0 h[m] exp(−j2πmn/N) is the nth FFT component of

h[m]. If the number of subchannels is large enough such that
the channel spectrum (i.e., H[n]) can be assumed flat over the
prototype filter spectrum (i.e., G[n]) at each subchannel, then
(35) can be accurately approximated as [34]

Ψk,l [n] ≈ H[lK]G[n− lK] e−j2πk Ln/N . (36)

According to the definition of H[n], it is derived that H[lK] =∑LC −1
m=0 h[m] exp(−j2πml/L). In this regard, we can define

H[l] Δ= H[lK], whereH[l] is the lth component of L-point FFT

of channel coefficients. Thus, (36) can be written as

Ψk,l [n] = H[l]G[n− lK] e−j2πk Ln/N . (37)

Taking N -point IFFT from both sides of (37) leads to

ψk,l [m] ≈ H[l]gk,l [m]. (38)

Since ψk,l [m] is the (m, l)th entry of ΓGk , by using (38), it
is concluded that

ΓGk ≈ Gk

⎡

⎢⎢⎢⎣

H[0] 0
H[1]

. . .
0 H[L− 1]

⎤

⎥⎥⎥⎦

︸ ︷︷ ︸
E

. (39)

Besides, since ΓA = [ΓG0 ,ΓG1 , . . .ΓGK−1 ] and (39) is de-
rived for k = 0, . . .K − 1, it is obtained that

ΓA ≈ AΠ, (40)

where Π Δ= E ⊗ IK . In a similar way, it can be shown that in
(33) for ΓB we have

ΓB ≈ BΠ, (41)

ii) Evaluating ΓA∗ and ΓB∗:
Let us now evaluate ΓA∗ = [ΓG∗

0 ,ΓG∗
1 , . . .ΓG∗

K−1 ] . By
defining ϕk,l [m] as the (m, l)th entry of ΓG∗

k , similar to (34),
it is obtained that

ϕk,l [m] = h[m]
m� g∗k,l [m]; for m = 0, . . . N − 1. (42)

Taking N -point FFT from both sides of (42), it is concluded
that

Φk,l [n] = H[n]G[n−N + lK] ej2πk L n/N . (43)

Following the same procedure of (36), (37) and (38), one can
obtain that

ΓG∗
k ≈ G∗

k

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

H[0] 0

H[L− 1]

H[L− 2]

. . .

0 H[1]

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(44)

Since ΓA∗ = [ΓG∗
0 ,ΓG∗

1 , . . .ΓG∗
K−1 ] and (44) is derived for

k = 0, . . .K − 1, finally, it is resulted that

ΓA∗ ≈ A∗JΠJ. (45)

where J and Π are defined in (17) and (40), respectively. In a
similar way, for ΓB∗, it can be shown that

ΓB∗ ≈ B∗JΠJ. (46)

Eventually, by substituting the achieved results in (40), (41),
(45) and (46) into (33) and considering the fact that J is a unitary
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matrix (JHJ = JJ = IN ), we have

ΞΛ ≈ 1√
2

[
AΠ BΠ

B∗JΠ −A∗JΠ

]

=
1√
2

[
A B

B∗J −A∗J

]

︸ ︷︷ ︸
Λ

[
Π 0N
0N Π

]

︸ ︷︷ ︸
H

= ΛH. (47)

Thus, it is concluded that ΞΛ ≈ ΛH, where, according to the
definitions of Π in (40), H is a diagonal matrix given in (25).
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[14] M. Matthé, I. Gaspar, D. Zhang, and G. Fettweis, “Near-ML detection for
MIMO-GFDM,” in Proc. IEEE 82nd Veh. Technol. Conf., 2015, pp. 1–2.
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